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Abstrat
Numerial analysis indiates that there exists an unexpeted new ordered haos for
the bounded one-dimensional multibarrier potential. For ertain values of the number
of barriers, repeated idential forms (periods) of the wavepakets result upon passing
through the multibarrier potential.
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1 Introdution
Reent studies of the haoti aspets of dierent omplex systems have resulted in nding
ertain onditions under whih the related haos beome ordered, predited and deterministi.
Among these one may inlude the early ordered haos found in the one-dimensional logisti
maps [1℄ or the optial haos itinerany [2℄ in whih the onset of haos is done in a rather
ordered manner. Another known example of ordered haos has been shown in [3℄ for the one-
dimensional periodi potential with onstant slope in whih the time series are produed by
a tent map [3℄. The partile whih passes through suh a potential is shown [3℄ to be under
the inuene of an ordered haos whih is eeted in an unexpeted drift in the opposite
diretion to that of the average potential gradient [3℄. It is also shown [3℄ for the ase of
zero average gradient that the smaller beomes the widths of the potential barriers the more
inreased is the transition probability and the orresponding ordered haos [3℄.
We note that similar results were shown [4℄ regarding the bounded one-dimensional multi-
barrier potential whih ertainly has no average gradient and in whih the width of its barriers
is inversely proportional to the number of them. It is found [4℄, analogously to [3℄, that the
larger is the number of barriers along the same spatial length, whih means that the smaller
are their width, the higher beomes the transition probability of this system. Thus, sine the
bounded multibarrier system was shown in [4℄ to be haoti then, aording to the riterion
in [3℄ for ordered haos, we onlude that this system belongs to the last lass.
We note that although the possible presene of quantum haos is generally expeted to
exist in systems in whih the lassial limit is haoti [5℄, there are, nevertheless, quantum
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systems whih show haoti signs without lassial ounterparts. This has been shown in [6℄
for the quantum one-dimensional single barrier and in [4℄ for the bounded one-dimensional
multibarrier potential. Also, the appearane of haoti behaviour in these one-dimensional
systems in [4, 6℄ is due to their being bounded and omposed of a not large number of
barriers. Thus, in the limit of very large number of barriers arrayed along the whole axis as,
for example, the one-dimensional Kronig-Penney system [7℄, one should not expet haoti
eets (see also the disussion in [8℄ of the loalization-deloalization transition).
Our main goal in this work is to show that hanging the number or (and) the width of
the barriers results in the appearane of new ordered haos whih is eeted in the form of
periods. These are neither periods in time nor in spae but periods in the number of barriers
N . We note that by the phrase new ordered haos we do not mean that the observed
wavepakets beome less haoti and omplex but that the same haoti struture is seems
to be repeatedly observed as the number of barriers N inreases by spei values.
We note, as mentioned, that haotilike eets were disussed in [6℄ with respet to one
retangular barrier and it was found that the haoti appearane of the passing wavepaket
as well as its orrelation with the initial one ritially depend upon the width of the single
barrier. Thus, it seems appropriate to extend the disussion to the multibarrier potential
and nd the onditions under whih the related haoti eets beome periodially ordered.
We use in our disussion the well known fat that a lassial (or semilassial) wavepaket
spreads and beomes haoti [4, 6, 9, 10, 11℄ when it pass through a region along whih a
system of potential barriers (or wells) is arranged. The degree of the resulting haos may be
determined from the orrelation [12℄ between the initial and nal forms of the passing partile
(wavepaket). Thus, if this orrelation turns out to be small then the initial wavepaket has
been onsiderably hanged and its haoti eets have inreased in the passage through the
barriers. In the following we use the Lanzos tridiagonalization method [13, 14, 15℄ for al-
ulating the orrelation (and, therefore, the degree of haos) between the initial wavepaket
and the one whih emerges from the potential array.
We show, using the obtained data of the orrelation, that the passing haoti wavepakets
are, under etain values of N and c (whih is the ratio of total interval to total width of the
potential array), stritly periodi and predited. That is, suppose that a spei wavepaket
whih pass through a multibarrier potential with a given N , c and total length L assumes
some spei form. Then it is shown that the same initial wavepaket assumes exatly
the same form with the orresponding orrelation when it pass through (N + nP ) barriers
arranged along the same length L and c where n is the positive numbers 1, 2, 3, ... and P are
the periods.
We also show that although the passing wavepakets are highly sensitive to variations of
the ratio c, there are, nevertheless, some spei values of N for whih the waveforms and
the orresponding orrelations are preserved for whole ranges of c.
In Setion 2 we present the bounded one-dimensional multibarrier potential and the
formalism of the energy level statistis [4, 11℄ used for disussing its haoti properties. This
method were used in [4℄ for demonstrating that this system is haoti. We use here numerial
analysis for further disussing the mentioned periodi ordered aspet of these haoti eets.
We show the dependene of the passing wavepakets (and their orresponding orrelations
with the given initial one) upon the number of barriers N and the ratio c. In Setion 3
we demonstrate the mentioned order whih is eeted: (1) through the remarked periods P
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whih turns out to be of two kinds; one is very frequent and is eetive for a large spei
values of N and the other is rare and shows up only in two spei values of N (from the
range 2 ≤ N ≤ 72) and (2) through the onstany of the passing wavepakets and their
related orrelations for ertain ranges of the ratio c. In Table 1 we show the orrelations for
some spei values of N and for 6 dierent values of the ratio c and indiate the orrelations
whih are periodi. We onlude in Setion 4 with a summary of the main points.
2 The orrelation between the initial and nal wavepak-
ets for the bounded one-dimensional multibarrier po-
tential
The bounded one-dimensional multibarrier potential disussed here is supposed to be ar-
ranged along the x axis between the points x = −10 and x = 10. Assuming that the number
of barriers in the system is N one may introdue [4℄ the variables a and b whih respetively
denote the total width of the N barriers, where the potential V satises V > 0, and the total
interval among them where V = 0. Thus, one may realize [4℄ that the width of eah barrier
is
a
N
and the interval between any two neighbouring ones is
b
(N−1)
. Denoting the ratio of b
to a by c and the total length of the system a+ b by L one may express [4℄ a and b in terms
of c and L as
a =
L
1 + c
b =
Lc
1 + c
(1)
The possible existene of haoti properties for any bounded one-dimensional multibarrier
(or multiwell) potential system is usually determined by applying the energy level statistis
[4, 11℄. In this method one begins from the following two-dimensional matrix equation
[
A2N+1
B0
]
=
[
S11 S12
S21 S22
] [
A0
B2N+1
]
, (2)
where A2N+1 andB2N+1 are the amplitudes of the transmitted and reeted parts respetively
of the passing wavapaket from the N -th potential barrier. A0 is the transmission oeient
of the initial wave that approah the rst barrier and B0 is the reeted part from this barrier.
The omponents S11, S12, S21, and S22 are the matrix elements of the two-dimensional S
matrix whih are related to the orresponding transfer matrix Q of the multibarrier potential
(see, for example, Eqs (21) in [4℄). The energy level statistis method [11℄ is used by imposing
boundary value onditions at the remote boundaries of the system. In [4℄ periodi boundary
onditions are used at the points |x| = R, where R is muh larger than the total length
L = a+ b of the system, so that one obtains
A2N+1f(R) = A0f(−R) (3)
B2N+1f(−R) = B0f(R),
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where f(R) and f(−R) denote the wavepakets at the points x = R and x = −R respetively.
Using Eqs (3) one may write Eq (2) as[
A2N+1
B0
]
=
f(R)
f(−R)
[
S11 S12
S21 S22
] [
A2N+1
B0
]
(4)
In order to obtain a nontrivial solution for the vetor
[
A2N+1
B0
]
we must solve the following
equation
det

 f(R)f(−R)S11 − 1 f(R)f(−R)S12
f(R)
f(−R)
S21
f(R)
f(−R)
S22 − 1

 = 0 (5)
In [4℄ we have used for f(R) (f(−R)) the plane wave eikR (e−ikR) and have expressed the
S matrix elements in terms of the known transfer matrix elements (see Eqs (15) and (21) in
[4℄). As a result of these substitutions one obtains from Eq (5), as in [4℄, a omplex equation
from whih the appropriate energies whih orrespond to its real and imaginary parts are
derived. Figure (8) in [4℄ shows the level spaing distribution of these energies in the form
of a histogram whih is learly of the haoti Wigner type [11℄.
In this work we use, instead of plane waves, a semilassial omplex Gaussian wavepaket
sine this kind of wave funtion tends easily to be deformed and beomes haoti upon
passing a multibarrier (or multiwell) potential [4℄. Also, the semilassial harater of the
wavepaket enables one to simultaneously disuss, as done in the following, its momentum
and position. Note that even in the quantum regime one may introdue the oherent state
formalism [16, 17℄ whih allows one [17℄ to simultaneously dene the expetation values
of the onjugate variables Q and P . We note that in the numerial part of this work
all the wavepakets (denoted φ), inluding the initial one, are numerially and graphially
onstruted from a given omplex Gaussian paket Ppacket given by
Ppacket(x, t, x0, p0, w0) =
√
w0pi
1
4 e
−
p2
0
4w2
0 e
w20(i(x0−x)−
p0
2w2
0
)2
1−2itw2
0√
1− 2itw20
, (6)
where x0 is the initial value of the mean position of the paket in oordinate spae and p0
and w0 are the initial momentum and width in p spae. The width w0 is, atually, the initial
unertainty in the momentum. For an eetive numerial simulation the spae and time
variables were disretized [4, 15℄ with a resolution of dx = 1
7
and dt = 1
50
so that we obtain
dx2 > dt whih is neessary for stabilizing and steadying the relevant numerial method
[4, 15℄. For the initial x0, p0 and w0 we hoose the values of x0 = −10, p0 = 3 and w0 = 12 .
In the semilassial disussion adopted here we assume that the wavepaket is assoiated
with a partile of mass m where for m we assign the value of 1
2
. Thus, as in [4℄, the units we
use for x, t and p are x = xcm
h
, t = tsec
mh
and p = mv. That is, one may realize in this saling
that the veloities in
cm
sec
are related to the mentioned parameters x and t by xcm
tcm
= x
mt
. In
order to maintain the ondition of E > V , where E is the energy of the passing wavepaket,
we assign for the onstant height of the barriers the value of V = 2.
The initial wavepaket whih approah the multibarrier potential is expressed as
φ(t = 0) = Re2(Ppacket) + Im
2(Ppacket), (7)
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where Re(Ppacket) and Im(Ppacket) denote the real and imaginary parts respetively of Ppacket
from Eq (6). The initial wavepaket of Eq (7) is shown at the left hand side Panel of Figure
1. We note that by its denition the initial wavepaket φ(t = 0) from Eq (7) spreads with
time without having to pass through any potential (see Eq (6)). We are not interested
here in this kind of known spreading but, espeially, want to trak and follow the unknown
haoti-like deformation of the paket due to its passage through the multibarrier potential.
Thus, we numerially follow the time evolution of the real and imaginary parts through the
multibarrier potential and obtain the passing wavepaket as
φ(t) = Re2(Ppacket,V ) + Im
2(Ppacket,V ), (8)
where Re(Ppacket,V ) and Im(Ppacket,V ) denote the real and imaginary parts of Ppacket after
passing through the multibarrier potential.
We note that the number of the dierent haoti wavepakets whih evolve from the
initial wavepaket of Eq (7) is very large. For example, by slightly hanging the ratio c or by
adding or removing even one barrier results in a ompletely dierent wavepaket ompared to
the one whih orresponds to the potential before the hange. Sine the passing wavepaket
beomes haoti there is generally no rule that ontrols its form or the orrelation C between
it and the initial wavepaket from Eq (7). As remarked, we show in the following setion
that for ertain values of N and c one may predit the forms, and therefore the related
orrelation, of the passing wavepakets.
The right hand side Panel of Figure 1 shows how the initial wavepaket from the left
hand side expands and beome deformed at time t = 6 after passing through a ten-barrier
potential whose ratio c is unity. The inuene of hanging N upon the passing wavepaket
and its orresponding orrelation C is further demonstrated at the left hand side Panel of
Figure 2 whih shows the waveform obtained for the same c and t as those of the right hand
side Panel of Figure 1 but for a 15 barrier potential. Note that by inreasing N by 5 the
wave paket beomes more haoti and deformed ompared to that at the right hand side of
Figure 1. The dependene of the passing wavepaket upon c is shown at the right hand side
Panel of Figure 2 whih is drawn for the same N and t as those of the left hand side but for
c = 1
9
. That is, dereasing c from unity to 1
9
auses the passing wavepaket to beome muh
less omplex and haoti ompared to the form at the left hand side.
We refer in the following to Table 1 whih shows the orrelation between the same initial
wavepaket of Eq (7) and the passing one for 40 values of N and for six dierent values of
c: c = 4, 7
3
, 3
2
, 1, 2
3
, 0.25. The spatial length of the multibarrier was xed to L = 20 and
the time at whih all the passing wavepakets were alulated is t = 6 whih orresponds
to inreasing 300 times the mentioned time interval of dt = 1
50
. Thus, at this time the
initial wavepaket have passed through all the barriers arranged along the xed length of L.
Eah of the tabulated values of the orrelation was numerially alulated using the Lanzos
tridiagonalization method [13, 14, 15℄ whih yields a tridiagonal matrix the values in its
prinipal diagonal are the sought-for orrelations. In this method the better and aurate
result is given by the matrix element loated at the bottom of the prinipal diagonal. Thus,
the larger is the tridiagonal matrix the more aurate beomes the orrelation assoiated
with this matrix element. This is due to the large number of numerially running the
program whih generally yields better results. We note, however, that the exat values of
THE CORRELATION BETWEEN THE INITIAL AND....... 6
0
0.5
1
1.5
2
2.5
3
3.5
Y
–20 –10 10 20
X
0
0.2
0.4
0.6
0.8
1
Y
–20 –10 10 20
X
Figure 1: The left-hand side gure shows the initial wavepaket from Eq (7) as funtion of
x where x is given in units of xcm
h
. The right hand side graph shows this wavepaket at
time t = 6 after passing a multibarrier potential omposed of 10 barriers whose ratio of total
interval to total width is c = 1. Note how expanded and deformed the wavepaket beomes.
Also note that the multibarrier potentials are not shown in this gure and in Figure 2
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Figure 2: The left hand side Panel shows how the initial wavepaket from Eq (7) hanges
at time t = 6 after passing a multibarrier potential omposed of 15 barriers whose ratio is
c = 1. Comparing this graph to the right hand side Panel of Figure 1 one may realize that
the wavepaket beomes more deformed and haoti by inreasing N from 10 to 15 retaining
the same ratio of c = 1. The right hand side Panel shows the wavepaket obtained at time
t = 6 for the same 15 barrier potential as that of the left hand side Panel but with a ratio
of c = 1
9
. The derease in c results in a wavepaket whih is less omplex ompared to that
at the left hand side.
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the orrelation is not of our main onern here but espeially we onentrate our attention
upon its dependene on c and N . These dependenies may be established even from a small
tridiagonal matrix if we use onsistently the same order of it for all c and N . Thus, we use
for all the numerial work here a third order Lanzos tridiagonalization matrix. An example
of suh a matrix is the following one whih orresponds to c = 7
3
, N = 10, L = 20, x0 = −10,
p0 = 3, w0 =
1
2
, t = 6 and V = 2.
M(N = 10, c = 7/3) =

 2.630821735 33.07455189 033.07455189 1396.833502 52187.77697
0 52187.77697 1669.69722


The values of the orrelation between the passing wavepaket at the time t = 6 and the
initial one from Eq (7) are tabulated along the prinipal diagonal. The value of 1669.69722
at the bottom of this diagonal is, as remarked, more aurate than the two other values. The
tridiagonal matrix is symmetri whih means that the o diagonal matrix elements whih are
symmetrially loated about the prinipal diagonal are equal. These o diagonal elements
are the normalizing fators of the diagonal elements [14, 15℄.
Eah one of the values tabulated in Table 1 is obtained from the bottom value of the
prinipal diagonal of the orresponding tridiagonal matrix. The 40 rows in Table 1 orrespond
to the three representative ranges of N = 4, . . . , 15, N = 31, . . . , 40 and N = 55, . . . , 72 and
the six olumns to the six values of the ratio c = 4, 7
3
, 3
2
, 1, 2
3
, 0.25. As seen from
the table the orrelation ranges, for the spei values given here to the related parameters
L, w0, x0, p0, V and t, over values whih greatly dier among them. Thus, in order to be
able to graphially plot the orrelation as funtion of N (or c) one have to sale the ordinate
axis in a log basis as done in Figure 3-4. We must remark that Figures 3-5 are onstruted
not only from the tabulated values of Table 1 but also from other values whih are not
given in this table. That is, the orrelation values used for Figures 3-5 are for all N from
N = 4+ n, , n = 1, 2, . . . , 68 and for c = 4, 7
3
, 3
2
, 1, 2
3
, 0.25. From Table 1 and Figures
3-4 one may realize that the orrelation hanges in a stohasti and unexpeted manner even
when adding or removing only one barrier. Also, one may see that the larger values of the
orrelation C are found at either large or small values of the ratio c and the smaller values of
C are found at the intermediate values of c. This is shown in Figure 3 in whih we ompare
at the left hand side Panel of it the orrelation C as funtion of N for c = 4 (ontinuous
urve), c = 7
3
(dashed urve) and c = 3
2
(dashdot urve). At the right hand side Panel of
Figure 3 we ompare the orrelation C, as funtion of N , for c = 4 (ontinuous urve), c = 1
(dashed urve) and c = 2
3
(dashdot urve). Remembering that the ordinate is saled in a log
basis one may realize, for example, how large is the dierene for 10 ≤ N ≤ 25 between the
orrelation for c = 4 and those obtained for c = 3
2
, c = 2
3
and c = 1. Similar dierenes are
demonstrated at the left hand side Panel of Figure 4 where the orrelation C, as funtion of
N , for c = 0.25 (ontinuous urve) is ompared to those for c = 7
3
(dashed urve) and c = 3
2
(dashdot urve). Note again the large dierenes for 12 ≤ N ≤ 25 between the orrelation
C obtained for c = 3
2
and those for c = 0.25 and c = 7
3
. The similarity of the orrelations for
large and small c is demonstrated at the right hand side Panel of Figure 4 where we ompare
C for c = 4 (ontinuous urve) to that for c = 0.25 (dashed urve). Note, however, the large
dierene between these orrelations for 28 ≤ N ≤ 36 where the C's for c = 4 are muh
larger ompared to those for c = 0.25.
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Figure 3: At the left-hand side Panel we ompare the orrelation C as funtion of N for
c = 4 (ontinuous urve) to those for c = 7
3
(dashed urve) and c = 3
2
(dashdot urve). The
right-hand side Panel ompare the orrelation C for c = 4 (ontinuous urve) to those for
c = 1 (dashed urve) and c = 2
3
(dashdot urve). Remembering that the ordinate axis is
saled in a log basis one may realize that the orrelations for c = 4, c = 7
3
, c = 3
2
, c = 2
3
and
c = 1 widely dier from eah other. See, espeially, the dierenes, for 10 ≤ N ≤ 25, among
c = 4, c = 3
2
, c = 2
3
and c = 1.
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Figure 4: At the left-hand side Panel we ompare the orrelation C as funtion of N for
c = 0.25 (ontinuous urve) to those for c = 7
3
(dashed urve) and c = 3
2
(dashdot urve).
Taking into aount that the ordinate axis is saled in a log basis one may realize, for
example, the large dierenes for 12 ≤ N ≤ 25 between the orrelations C for c = 3
2
and
those for c = 0.25 and c = 7
3
. At the right-hand side Panel we ompare the orrelations
C for c = 4 (ontinuous urve) to those for c = 0.25 (dashed urve). From the similarity
between the two graphs (whih, however, greatly dier for 28 ≤ N ≤ 36) one may see that
the orrelations are large for either large or small c.
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From Table 1 and the orresponding Panels of Figures 3-4 one nds the appropriate N
and c for onstruting a bounded one-dimensional multibarrier potential from whih one may
obtain a large orrelation between the initial and nal wavepakets.
3 The periods of haos
As realized from the former setion the wavepaket whih passes through the multibarrier
potential beomes deformed and haoti and the emerging waveforms are quite dierent
even for neighbouring values of N and c. That is, the resulting waveforms φ(t) and the
orresponding orrelations C depend upon c and N in suh a manner that slightly hanging
either one of them results in a large hange of φ(t) and C. We have, nevertheless, found
that there exists an unexpeted order among the multitude of the haoti waveforms and
the orresponding orrelations. This order is reeted in periodiities whih are learly
observed for spei values of N and c. That is, we nd that exatly the same idential
wavepakets emerge from the potential barriers when the number of the latter inreases by
spei numbers P or by any integral multipliation of them where the total spatial length
of the system and the ratio c remain xed. The spei periods P are found to be of two
kinds: a large period of PL = 140 and a small one of PS = 28. That is, if the relevant N
(for a spei c) is periodi then exatly the same wavepaket emerge from all the potentials
whih have (N +nP ) barriers where n denote the whole numbers 1, 2, . . . and P is either the
large period of 140 or the smaller one of 28. Note that sine 5 · 28 = 140 then any N and c
whih are haraterized as being periodi with the small period of 28 are also automatially
periodi with the larger period of 140.
The large period of 140 is found to be very frequent and ommon for a large number
of dierent c and N whereas the smaller period of 28 is rare. The riterion used here for
haraterizing any pair of N and c as periodi is that they have the same idential tridiagonal
matrix for all (N + nP ) where n = 0, 1, 2, . . . and P is either 140 or 28. In Table 1 we have
denoted the multibarrier potentials whih are periodi with the large period of 140 by the
word p attahed to the numerial values of the orresponding orrelations C. All the other
values in Table 1 in whih the word p is absent are nonperiodi. Thus, as seen from the
table there exists a large number of periodi multibarrier potentials whih produe the same
wavepakets and the same orrelations when the number of barriers are inreased by 140
or by any integral multipliation of it. It is found (see Table 1) that the smaller is the
number of barriers N the more frequent is the number of the nonperiodi potentials and
as N inreases the periodiity of the orresponding multibarrier potentials beomes more
ommon and frequent.
In Figure 5 we have shematially drawn for the six values of c the orrelations C as
funtions of N from the point of view of whether they are periodi with the large period of
140 or not. That is, eah periodi C, whih orresponds to some epei N and c, is denoted
by a point and the absene of this point for some given N and c signies that the relevant
C is nonperiodi. Note that, as remarked, the values of N used in this gure are not only
those of Table 1 but all the values of N = 4 + n, n = 0, 1, 2, . . . , 68. From the frequent
ourene of the gaps in the horizontal lines of Figure 5 for small N and from the width of
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these gaps one may realize that there exists a large number of nonperiodi orrelations C at
these values of N . The larger N beomes the more rare and narrow these gaps beome whih
means that the number of the periodi orrelations C inreases for all values of c. For very
high values of N (not shown in Figure 5) the ontinuous linear setions beome very long
for all c whih means that all the wavepakets as well as their orresponding orrelations are
periodi with the large period of 140.
Regarding the smaller period of 28 we have found that it exists for the two pairs of
(c = 4, N = 29) and (c = 0.25, N = 28). That is, the same idential tridiagonal matrix,
whih implies the same emerging wavepaket and orrelation, is obtained for the c = 4 ase
for all potentials (arranged along the same xed length of L = 20) whih have (29 + n · 28)
barriers where n = 0, 1, 2, . . .. Likewise, for the c = 0.25 ase one obtains the same
tridiagonal matrix, wavepaket and orrelation (whih are not the same as those of the
formerly disussed c = 4 ase) for all potentials whih have (28 + n · 28) barriers arrayed
along the same xed length of L = 20 where n = 0, 1, 2, . . ..
Another kind of ordered regularity whih we have found among the multitude of all the
haoti wavepakets is related to some spei tridiagonal matries (and, therefore, to their
orresponding wavepakets and orrelations) whih remain onstant even when the ratio c
hanges. That is, although the general behaviour is the unexpeted hange and deformation
of the passing wavepaket when c hanges even slightly there exist, nevertheless, spei
values of N whih are haraterized as related to orrelations and wavepakets whih retain
their forms even when c is hanged. For example, for N = 70 we have found that the same
tridiagonal matrix (whih means the same wavepaket and orrelation) remains onstant
for 1 ≥ c ≥ 0.25. The same situation is also enountered for N = 71 where this time the
onstany of the matrix, wavepaket and orrelation are retained for the larger range of
4 ≥ c ≥ 1. The relevant tridiagonal matrix for the last ase is
M(N = 71, 1 ≤ c ≤ 4) =


0.06426037493 6.899198452 0
6.899198452 68.29688359 562.8969638
0 562.8969638 20.28518401


The same situation is again enountered for other values of N for whih one nds onstant
dierent matries . These N 's and the orresponding ranges of c over whih the emerging
wavepakets (and the appropriate orrelations C) retain their forms are; at N = 47 for
3
2
≥ c ≥ 2
3
, at N = 24 for 4 ≥ c ≥ 7
3
and at N = 18, N = 24, N = 53, and N = 123 for
1 ≥ c ≥ 2
3
. Note that all these values of N are also haraterized as being periodi with the
large period of 140. Thus, one may realize that the onstany of the relevant tridiagonal
matries (and the orresponding wavepakets and orrelations) are retained not only for
these spei N but also for all the other N 's obtained by inreasing them by 140 or by
any integral multipliation of it. In other words, this behaviour of onstant waveforms (and
orrelations) when c hanges is strongly related to the previously mentioned behaviour of
periodi waveforms (and orrelations) when the number of barriers, for these spei N and
c, inreases by 140 or by any integral multipliation of it.
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N 
c=0.25 
c=2/3 
c=1 
c=3/2 
c=7/3 
c=4 
4                12                  22                  32                  42                  52                  62                  72 
Figure 5: From this gure one may ompare and nd if the
orrelations C, for the six values of c = 0.25, 2
3
, 1, 3
2
, 7
3
, 4,
have the large period of P = 140. The six values of c label the
6 horizontal lines. A periodi C, with given c and N , is denoted
by a point and the absene of this point signies a nonperiodi
C. Thus, as seen from the gure the larger is N in the abissa
the longer beome the linear ontinuous setions for all c whih
denote that the number of periodi C beomes large. The wide
gaps at these lines for small N signify that there exists a large
number of nonperiodi C at these values of N .
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4 Conluding Remarks
We have disussed the haoti deformed wavepakets whih ome out of a bounded one-
dimensional multibarrier potential and study the orrelation of these wavepakets with the
initial one. It has been shown, using the Lanzos tridiagonalization method, that there
exists an unexpeted order and regularity among the multitude of all the possible haoti
wavepakets whih ome out of this system. This order is haraterized by the existene of
two periods through whih one may obtain the same wavepakets and orrelations when the
number of barriers inrease, for some spei N and c, by either 140 or 28 or by any integral
multipliation of them. The more ommon and frequent period is that of 140 whereas the
smaller one of 28 is rare. Any wavepaket and its orresponding orrelation whih is periodi
with the small period is also automatially periodi with the larger one.
The orrelation C, as funtion of either N or (and) c, between the passing wavepakets
and the initial one is stohasti and disontinuous as may be realized from Table 1 and
Figures 3-4. One may see from these gures and from Table 1 that the larger values of C
are obtained for c ≈ 4 or c ≈ 0.25.
Another ordered behaviour that we have found is related to the onstany of the wavepak-
ets and the orresponding orrelations for spei N and for whole ranges of c that may be
as large as ∆c = 3. All these N 's are also haraterized as being periodi with the large
period of 140.
In summary, one may see that the haos demonstrated by the bounded one-dimensional
multibarrier potential is an ordered and periodi phenomenon espeially for large N .
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Table 1: The table shows the orrelations C between the passing wavepaket at time t = 6
and the initial one from Eq (7). The rows orrespond to the three ranges of N = 4+n, n =
0, 1, . . . 11, N = 31 + n, n = 0, 1, . . . 9, and N = 55 + n, n = 0, 1, . . . 17. The olumns
orrespond to the ratio c for c = 4, 7
3
, 3
2
, 1, 2
3
, 0.25. Any N whih have orrelation C with
the word p attahed to it is periodi with the large period of 140. That is, any suh N have
exatly the same value of C for all multibarrier potentials whih have (N + n · 140) barriers
where n = 1, 2, 3 . . ..
N orrelation C orrelations C orrelations C orrelations C orrelations C orrelations C
for =4 for =
7
3
for =
3
2
for =1 for =
2
3
for =0.25
4 5.31202 · 103 4.392 · 101 3.36365 · 103 1.5939 · 103 3.313 · 101 1.0855 · 102
5 4.55098 · 103 6.380 · 102 1.5324 · 102 1.5478 · 102 3.4617 · 102 1.4041 · 102
6 2.89038 · 104 2.143528 · 104 4.8818 · 102 1.12423 · 103 2.97818 · 103p 1.995463 · 104
7 2.076735 · 104 9.20498 · 103 2.2882 · 102p 1.00467 · 103 1.3024 · 102 1.82352 · 103
8 3.01606 · 103p 4.3025 · 102 4.2984 · 102p 4.3489 · 102 7.312 · 101 1.555678 · 104p
9 3.06900 · 103p 4.59357 · 103 1.421014 · 104 3.47268 · 103 6.664 · 101 2.05691 · 103p
10 9.28730 · 102 1.6697 · 103p 2.88651 · 103p 8.2338 · 102 1.4825 · 102 2.273285 · 104p
11 5.37380 · 103p 5.43254 · 103 1.29778 · 103p 8.378 · 101p 7.195 · 101 4.4193 · 103p
12 3.8843 · 102p 8.818 · 101 3.316 · 102 2.5926 · 102 2.829 · 101p 2.93109 · 103
13 1.29587 · 103p 3.8130 · 101 7.086 · 101 6.284 · 101p 4.819 · 101 6.2898 · 102p
14 2.2356 · 102p 3.903 · 102p 4.743 · 101 9.1362 · 102 3.501 · 101 2.63225 · 103p
15 1.58547 · 103p 1.9687 · 102p 1.905 · 101 3.664 · 101p 4.278 · 101p 4.228 · 102
31 1.1767 · 102 7.134 · 101 1.52509 · 103p 2.368 · 101 5.5717 · 102p 2.305 · 101p
32 3.4680 · 101p 4.026 · 101 1.4336 · 102p 3.854 · 101p 3.7924 · 102p 3.017 · 101p
33 1.08940 · 102p 2.887 · 101p 3.133 · 101 2.39 · 101p 4.805 · 101p 2.981 · 101p
34 3.77230 · 102 6.677 · 101p 5.853 · 101 2.21 · 101p 4.3716 · 102p 2.427 · 101p
35 2.08800 · 101 2.086 · 101p 2.562 · 101p 2.402 · 101p 2.46 · 101p 2.021 · 101p
36 2.06600 · 101p 2.128 · 101p 2.12 · 101p 2.522 · 101p 2.991 · 101p 3.214 · 101p
37 2.27400 · 101p 2.195 · 101 8.573 · 101p 1.2641 · 102p 2.11 · 101p 2.5054 · 102p
38 4.34410 · 102p 2.518 · 101p 5.223 · 101p 6.78 · 101p 1.1804 · 102p 4.173 · 101p
39 2.4010 · 101p 2.139 · 101p 7.9903 · 102p 2.556 · 101p 1.1795 · 102p 7.3825 · 102p
40 7.75907 · 103p 9.886 · 101 2.0648 · 102p 1.5902 · 102p 3.951835 · 104 8.43398 · 103p
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N orrelation C orrelations C orrelations C orrelations C orrelations C orrelations C
for =4 for =
7
3
for =
3
2
for =1 for =
2
3
for =0.25
55 6.0292 · 102p 7.002 · 101p 2.3000 · 101p 8.085 · 101p 1.153 · 102p 9.3828 · 102p
56 2.6082 · 102p 7.428 · 101p 2.1090 · 101p 3.69 · 101p 2.865 · 101p 2.108 · 101p
57 2.109 · 101p 2.591 · 101p 2.6780 · 101p 2.673 · 101p 6.079 · 101p 7.158 · 101p
58 1.2728 · 102p 3.629 · 101p 3.4680 · 101p 3.811 · 101p 3.308 · 101p 6.796 · 101
59 4.305 · 102p 1.6849 · 102p 4.3350 · 101p 4.462 · 101p 3.005 · 101p 3.7354 · 102p
60 8.2816 · 102p 2.38018 · 103p 1.2109 · 102p 4.874 · 101p 5.301 · 101p 1.20593 · 103p
61 7.9283 · 102p 2.966 · 102p 2.84059 · 103p 3.805 · 101p 2.472 · 101 8.6802 · 102p
62 7.30202 · 103 9.50662 · 103p 4.9941 · 103p 3.553 · 101p 8.411 · 101p 2.717475 · 104p
63 1.41355 · 103p 5.51001 · 103p 1.15584 · 103p 4.9719 · 102p 8.17489 · 103p 8.6817 · 102p
64 6.98547 · 103p 4.4736 · 102p 4.3380 · 101p 2.241 · 101p 4.017 · 101p 5.33998 · 103p
65 1.187 · 102p 3.811 · 102p 9.71896 · 103p 2.655 · 101p 3.04 · 101p 3.29676 · 103p
66 1.80058 · 103p 3.21 · 101p 1.22609 · 103p 2.057 · 101p 1.8292 · 102p 1.276 · 102p
67 2.7297 · 102p 1.0732 · 102p 9.7360 · 101p 2.244 · 101p 2.01296 · 103p 1.69351 · 103p
68 3.1167 · 102p 3.4067 · 102p 3.4780 · 101p 2.164 · 101p 1.4212 · 102p 5.0016 · 102p
69 2.274 · 101p 3.679 · 101p 2.3380 · 101 2.12 · 101p 2.2945 · 102p 5.241 · 101p
70 3.787 · 101p 2.53 · 101p 2.1300 · 101p 1.983 · 101p 1.983 · 101p 1.983 · 101p
71 2.028 · 101p 2.028 · 101p 2.0280 · 101p 2.028 · 101p 2.912 · 101 2.53 · 101p
72 4.148 · 101p 5.996 · 101p 5.9960 · 101p 2.268 · 101p 2.905 · 101p 3.8058 · 102p
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